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NOTE ON THE PRECEDING PAPER. 

Bt Albert A. Bennett. 

If we be given a one-valued real function F{x), defined for all real values 
of X including infinity, and if F"(a;) = x, where the index n refers to itera- 
tion, then we see that without imposing any further restriction, F~^{x), 
[= F'*~\x)], is a one-valued real function defined for all real values of x 
including infinity. If we look upon x' = F(x) as a transformation of a 
set of real numbers into itself, it will be a one-one reciprocal transforma- 
tion. We may take a circle and choose upon it an arbitrary point to 
represent infinity, and then represent all the finite real points, preserving 
order, by the remaining points of the circle: for example, one such method 
of representation is to let x = tan |5, where 6 is the central angle. The 
transformation x' = F{x) then determines a one-one reciprocal trans- 
formation among the points of the circle. An obvious restriction is to 
require this transformation to be also continuous. Thiis, the problem of 
Mr. Bitfs paper may be viewed as that of discussing in terms of Analysis 
Situs, the different types of continuous one-one reciprocal transformations of 
period n of a circle into itself. 

By transforming through a continuous, sense-preserving, one-one 
reciprocal transformation, the above problem of Analysis Situs becomes 
normalized into a problem of the periodic EucUdean transformations of 
period n of a circle into itself, such as is discussed, for instance, in any 
treatise on linear fractional transformations in the complex plane. A 
mere statement of cases will here suffice: 

1. Refiections (altering sense) — ^period two. 

(a) Leaving " oo " and another point fixed. 
(6) Leaving two points, but not " oo ", fixed. 

2. Rotations (preserving sense) — ^period n. 

Leaving no point fixed— (w — 1) cases; rotations of 1/n, 2/n, 3/n, • • •, 
(n — l)/n circumferences. 
In terms oi functions, y = F{x), these become: 

1. Monotonic decreasing — ^period two. 

(a) No finite vertical or horizontal asymptote. Curve cuts line 

y = xin one finite point. 
(6) A finite vertical and a finite horizontal asymptote. Curve cuts 
y = xin two finite points. 

2. Monotonic increasing — ^period n. 

A finite horizontal and a finite vertical asymptote. Curve does not 
cut y = X, — {n — V) cases, corresponding to /, /^ /*, • • •, /"~^ 
Princeton, N. J., 
September, 1915. 
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